In multibeam satellite communication systems it is important to improve the utilization efficiency of the power resources, due to the scarcity of satellite power resources. The interbeam interference between the beams must be considered in the power allocation; therefore, it is important to optimize the power allocated to each beam in order to improve the total system performance. Initially the power allocation problem is formulated as a nonlinear optimization, considering a compromise between the maximization of total system capacity and the fairness of the power allocation amongst the beams. A dynamic power allocation algorithm based on duality theory is then proposed to obtain a locally optimal solution for the optimization problem. Compared with traditional power allocation algorithms, this proposed dynamic power allocation algorithm improves the fairness of the power allocation amongst the beams, and, in addition, the proposed algorithm also increases the total system capacity in certain scenarios.
Introduction
In satellite communication systems, a satellite may provide coverage of the entire region of the earth visible from the satellite, by using a single beam. In this case, the gain of the satellite antenna will be limited by the beamwidth, as imposed by the coverage. For instance, for a geostationary satellite, global coverage implies a 3 dB beamwidth of 17. 5 and consequently an antenna gain of no more than 20 dB [1] . Therefore, each user must be equipped with a large aperture antenna to support the high traffic rate, which results in great inconvenience. In order to solve this problem, the multibeam technique has been widely applied in modern satellite communication systems. In multibeam satellite communication systems, the satellite provides coverage of only part of the earth, by means of a narrow beam. The benefit of a higher satellite antenna gain is obtained due to a reduction in the aperture angle of the antenna beam [1] . As a result, a user with a small aperture antenna can support a high traffic rate. Moreover, the multibeam technique supports the reuse of frequencies for different beams, in order to increase the total system capacity. When two beams utilize the same frequency, interbeam interference is introduced to the two beams, due to the nonzero gain of the antenna side lobe. It has been noted that when there is interbeam interference between the beams, the capacity allocated to each beam is determined not only by the power allocated to the beam, but also by the power allocated to the other beams.
Due to the limitations of satellite platform, it is known that satellite power resources are scarce and expensive. It is thus important to optimize the utilization efficiency of the power resources. Moreover, the traffic demands of each beam are different, with varying times, due to the different coverage areas, and the interbeam interference between the different beams is also different. As a result, it is critical to optimize the power allocation to each beam to meet the specific traffic demands.
Power allocation algorithms were proposed in earlier works [2] [3] [4] [5] [6] [7] . The mathematical formulation and analytic solutions of the optimum power allocation problem have been presented [2] ; however, the mathematical algorithm to solve the optimization problem was not provided. As a result, bisection and subgradient methodologies have been utilized to solve the optimization problem [3, 4] . In order to improve the total system capacity, a method to select a small number of active beams has been proposed [5] , which maintained the fairness of the power allocation amongst the of interbeam interference. The first step is to mathematically formulate the problem of power allocation as a non-linear optimization, compromising between the maximization of total system capacity and the fairness of the power allocations to each beam. It is found that, in the optimization process, the optimal variables are coupled with each other. As a result, it is difficult to determine whether the optimization is convex or not and to obtain the globally optimal solution for the optimization. To this end, a dynamic power allocation algorithm based on duality theory is proposed to obtain a locally optimal solution for the optimization. Finally, the simulation results show the efficiency of the proposed dynamic power allocation algorithm.
The main contributions of this research are summarized as follows:
(1) the mathematical formulation of the power allocation problem for multibeam satellite communication, with consideration of interbeam interference, through a compromise between the maximization of the total system capacity and the fairness of the power allocation amongst the beams;
(2) the proposal of an algorithm, based on duality theory, which will obtain a locally optimal solution for the optimization problem; (3) a demonstration of the effects of the interbeam interference and the channel conditions of each beam on the power allocation results.
The remainder of this paper is organized as follows. In Section 2, the model of a multibeam satellite communication system with interbeam interference is described. In Section 3, a mathematical formulation of the optimization problem of the power allocation is presented. Section 4 presents the proposal of a dynamic power allocation algorithm designed to obtain a locally optimal solution to the optimization. Section 5 presents the simulation results and analyzes the effects of the interbeam interference and channel conditions of each beam on the power allocation results. Section 6 presents the conclusion of the paper. Figure 1 shows the system configuration of the multibeam satellite communication system that is studied here, where
A Multibeam Satellite Communication System Model
: is the quantity of the beams, is the traffic demand of the th beam, is the power allocated to the th beam, total is the total interference on the th beam from the other beams, is the signal attenuation factor of the th beam, and it is noted that mainly consisted of the effects of weather conditions, free space loss, and antenna gain, and total is the total satellite power resources within the system.
To precisely describe the interbeam interference within the system, the interbeam interference matrix H is introduced, which is defined as follows:
where the element ℎ denotes the interference coefficient from the th beam on the th beam. It is noted that the element ℎ is zero, because the interference from the same beam is ignored. It is obvious from (1) that the total interference on the th beam from other beams total is ∑ =1, ̸ = ℎ , . As a result, using time sharing for Gaussian broadcast channels [8] , the Shannon bounded capacity C i for the th beam is given as
where 0 is the noise power density of each beam and W is the bandwidth of each beam. It is shown in (2) that the capacity of the th beam is increased as the power allocated to the beam increases. However, the capacity is decreased as the power allocated to other beams increases, due to the interbeam interference. As a result, the capacity of each beam is determined not only by the power allocated to it, but also by the power allocated to the other beams.
Mathematical Formulation of the Power Allocation
In this paper, the metric to evaluate the power allocation results minimizes the sum of the squared differences between the traffic demand and the capacity allocated to each beam. As a result, the metric will ensure a relatively greater capacity allocation to the beams when there are higher traffic demands, which will achieve greater fairness of the power allocations amongst the beams. At the same time, the metric will also work to maximize the total system capacity. Therefore, the metric considers a compromise between the maximization of total system capacity and the fairness of the power allocations amongst the beams. As a result, the optimization is formulated as follows:
When there is no interbeam interference between the beams, each of the elements in the interbeam interference matrix is equal to zero. As a result, the optimization is convex [2] , and the globally optimal solution can be obtained by the optimization. However, when interbeam interference actually exists, it is seen that the optimal variables are coupled with each other. Therefore, it is difficult to determine whether the optimization is convex or not and to obtain the globally optimal power solution for the optimization. To this end, an algorithm based on duality theory is proposed to obtain a locally optimal solution for the optimization [9] [10] [11] [12] , as presented in the following section.
Proposed Dynamic Power Allocation Algorithm
As mentioned above, the proposed dynamic power allocation algorithm is based on duality theory [13] . By introducing the nonnegative dual variable , the Lagrange function is given by
where
From (4), the Lagrange dual function can be obtained by
and the dual problem can be written as * = max
The dual problem in (6) can be further decomposed into the following two sequentially iterative subproblems [9] .
Subproblem 1: Power Allocation. Given the dual variable , for any: ∈ {1, 2, . . . , }, differentiating (4) with respect to results in the equation below:
The optimized power allocation of the th beam can be obtained in (7) by numerical calculation methods, for example, the golden section. Moreover, if the optimized is less than zero, then is set to be zero. The detailed expressions in (7) are shown in the appendix.
Subproblem 2: Dual Variable Update. The optimal dual variable can be obtained by solving the dual problem:
Because the dual function is always convex, a subgradient method (a generalization of the gradient) can be used here to update the dual variable, as shown below [9] :
where [ ] + = max{0, }, is the iteration number, and Δ is the iteration step size.
It has been proven that the above dual variable updating algorithm is guaranteed to converge to the optimal solution, as long as the iteration step chosen is sufficiently small [9] .
The whole process of the proposed dynamic power allocation algorithm is summarized as follows.
Step 1. Set appropriate values to and , ∈ {1, 2, . . . , }.
Step 2. Calculate the value of from (7).
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Step 3. Substitute the power values of each beam, as obtained from Step 2, into (9) and then update the dual variable.
Step 4. If the condition of | +1 ( total − ∑ =1 )| < is satisfied, then terminate the algorithm; otherwise, jump to Step 2.
Utilizing the above process, the allocated power to each beam is obtained.
Simulation Results and Analysis
For the simulation, a multibeam satellite communication system model is set up. The system has 10 beams.
The Efficiency of the Proposed Power Allocation Algorithm.
In order to show the efficiency of the proposed dynamic power allocation algorithm, it is compared with the following two traditional algorithms.
(1) Uniform power allocation algorithm: = total / . (10) Figure 2 shows the capacity allocated to each beam for the three power allocation algorithms in Scenario 1. Table 1 presents the total system capacities of the three power allocation algorithms in Scenario 1. As shown in Figure 2 , the uniform power allocation algorithm uniformly allocates power to each beam, regardless of the traffic demand of the beams or the fairness of the power allocations amongst the beams. Moreover, the total interference from the other beams is the same for each beam, and as a result the capacity allocated to each beam is the same. The proportional power allocation algorithm allocates the power resources to each beam solely according to the traffic demand of each beam, regardless of the interbeam interference. Therefore, the capacity allocated to a beam with high traffic demand is higher than that allocated to a beam with low traffic demand. Compared with the proportional power allocation algorithm, the proposed dynamic power allocation algorithm allocates more power resources to beams having higher traffic demands, in order to minimize the system's total squared difference between the traffic demand and the capacity allocated to each beam. However, due to the concavity of the capacity function in terms of allocated power, the total system capacity is decreased, which is also shown by the data in Table 1 . Figure 3 shows the squared difference between the traffic demand and allocated capacity of each beam, for the three algorithms from Scenario 1. Table 2 presents the total squared difference for the three algorithms in Scenario 1. As mentioned above, the proposed dynamic power allocation algorithm provides more power resources to the beams with higher traffic demands. As a result, when the results of the proposed dynamic power allocation algorithm are compared to the results of the other two algorithms, the squared difference for the beams with high traffic demands is lower and the squared difference for the beams with low traffic demand is higher. Moreover, the total squared difference for the proposed dynamic power algorithm is the lowest of the three algorithms. This conclusion is also demonstrated by the data shown in Table 2 . Figure 4 shows the allocated capacity for each beam, for the three power allocation algorithms in Scenario 2. Table 3 presents the total system capacities of the three power allocation algorithms from Scenario 2. It is known that only Beam 1 interferes with the other beams. It will seem reasonable that, by allocating less power to Beam 1, the interference on the other beams will decrease, and the total system capacity will increase. To this end, the proposed dynamic power allocation algorithm allocates no power to Beam 1 to decrease its interference with the other beams. However, both the uniform and the proportional power allocation algorithms allocate power to each beam, regardless of the interbeam interference matrix in the system. Thus, the power allocated to each beam in Scenario 2 is the same as that in Scenario 1, and the power allocated to Beam 1 is not decreased. As a result, the total system capacity obtained by the two algorithms is less than that obtained by the proposed dynamic power allocation algorithm, as shown in Table 3 . Figure 5 shows the squared difference between the traffic demand and the capacity allocated to each beam, for the three algorithms in Scenario 2. Table 4 presents the total squared difference for the three algorithms in Scenario 2. Figure 5 shows that the squared difference of Beam 1 obtained by the proposed algorithm is higher than that obtained by the other two algorithms. However, the squared differences from Beams 2 to 10 are lower. This is because when compared with the other two algorithms, the proposed dynamic power allocation algorithm provides no power resources to Beam 1 and provides more power to Beams 2 through 10. Moreover, the total squared difference of the proposed dynamic power allocation algorithm is less than that of the other two power allocation algorithms. Taken together with the conclusion 6 Journal of Applied Mathematics about the total system capacity, it is clear that the proposed dynamic power allocation algorithm improves both the system capacity and the fairness of the power allocations amongst the beams in this scenario. It is noted that the traffic demand and the channel conditions of each beam are the same in the two scenarios, and only the interbeam interference matrix is different. However, the power allocation result obtained by the proposed algorithm shows a great difference in the two scenarios. In other words, the interbeam interference between the beams has a significant impact on the power allocation results. In addition, the proposed algorithm dynamically allocates the power resource to each beam, taking into account the impact of the interbeam interference between the beams, making the best effort in removing the adverse impacts of the interbeam interference.
The Effects of the Channel Condition of Each Beam on the Power Allocation Results.
It is known that signal attenuation factor is affected by channel conditions. To show the impact of the channel conditions of each beam on the power allocation results, the following scenario is set up.
Scenario 3. The normalized noise power spectral density parameters 0 from Beams 3 through 5 are set to be 0.2 −6 , 1.2 −6 , and 2.2 −6 . The traffic demand of the three beams is set to be the same as 100 Mbps. The interbeam interference matrix is set to be the same as that in Scenario 2, and other parameters in the system remained the same. Figure 6 shows the capacity allocated to each beam for the three power allocation algorithms when the channel conditions of each beam are different. Table 5 presents the total system capacity for the three power allocation algorithms in Scenario 3. It is noted that the traffic demand and total interference from the other beams, for Beams 3 through 5, are the same, and only the channel conditions of the three beams are different. As shown in Figure 6 , the proposed dynamic power allocation algorithm provides more power resources to the beams that have better channel conditions, and rarely or never provides power to beams with worse channel conditions. Beam 5, for example, with the worst channel condition is provided with no power resources. Therefore, the proposed dynamic power allocation algorithm not only considers the fairness of the power allocations amongst the beams, but also tries to maximize the throughput of the system and achieves a good system performance as predicted. The proportional or uniform power allocation algorithms cannot dynamically allocate the power resources to each beam according to their channel conditions; thus their total system capacities are less than that of the proposed dynamic power allocation algorithm, as clearly demonstrated by the data shown in Table 5 . Figure 7 shows the squared difference between the traffic demand and the capacity allocated to each beam, for the three algorithms in Scenario 3. Table 6 presents the total squared difference of the three algorithms in Scenario 3. As mentioned above, the proposed dynamic power allocation algorithm provides more power resources to the beams having better channel conditions. As a result, the squared difference of the traffic demand and the capacity allocated to the beams with better channel conditions is smaller than that of the other two algorithms, as shown in Figure 7 . Moreover, the total squared difference of the proposed dynamic power allocation algorithm is also the smallest of the three algorithms. Thus, the fairness of the power allocations amongst the beams that is obtained by the proposed dynamic power allocation algorithm provides the optimal optimization.
Conclusions
In multibeam satellite communication systems, due to the reusing of frequencies, there exists interbeam interference between the beams, which cannot be ignored in determining power allocations. To precisely describe the impact of the interbeam interference, the problem of power allocation as a non-linear optimization with constraints was formulated, including a compromise between the maximization of total system capacity and the fairness of the power allocations to the beams. A dynamic power allocation algorithm was then proposed to obtain a locally optimal solution to the optimization.
It was shown that, compared with the traditional uniform or proportional power allocation algorithms, the proposed dynamic power allocation algorithm improved the fairness of the power allocations to the beams and also increased the total system capacity in certain scenarios, such as Scenarios 2 and 3 as presented in Section 5. In addition, the interbeam interference between both the beams and the channel conditions of each beam had a significant impact on the power allocation results. The proposed dynamic power allocation algorithm functioned to remove the adverse impacts of these factors; for example, the algorithm allocated less power to the beams which had greater interference on the other beams, or which had worse channel conditions. Appendix Equation (7) According to (A.3), the optimized power allocation of the th beam could be obtained by numerical calculation methods.
